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The use of gyroscopes for attitude cantrol and stabilization of space vehicles in the case
of large angles is considered,

The simplest formulation of this nonlinear problem is investigated, An artificial earth
satellite is equipped with a balanced two-axis gyro in a gimbal mount which acts as its
final control element, The center of inertia of the gyro coincides with the center of
inertia of the satellite body, and the axis of the outer gimbal (output axis) is parallel to
one of the principal axes of inertia of the vehicle, It is assumed that the system is not
acted on by external moments, so that its moment of momentum vector remains constant,

After stabilization of the angular position of the satellite on its orbit, i. e, after elimi-
nation of the initial angular velocities of the system, the entire moment of momentum
is borne by the gyro wheel, The system can be rotated by altering the position of the
gyro wheel axis (spin axis); the controls are the moments M, and Mg acting on the
gimbal axes, The angles of rotation @ and B of the gimbals are called the "control
angles”,

Although the results obtained are largely qualitative in character, they can be used
in conjunction with the iteration method to construct a more exact solution,

One of the two controls in the control mode just described, namely B , is varied relay
fashion, The angle a,1i.e, the rotation of the outer gimbal between the initial and final
rapid rotations, is varied periodically and depends on the angle of nutation ¢ and on the
inertial characteristic of the system,

During guidance the z-axis describes looped ( n <{ 0) or wavy (n>>{) curves on a
fixed unit sphere ; these curves are bounded by two parallels for which sin ¢ = 4 n.
The self~intersection points of the loops or the inflection points of the wavy curves cor-
respond to 4 = B,

Let the initial position of the satellite body be known and let the purpose of control
be to achieve a certain attitude change, i, e, let the final position of the vehicle in
space be specified., As the spin axis rotates in the satellite body and in inertial space,
the satellite body acquires an angular velocity in accordance with the law of conserva-
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tion of the moment of momentum, The law of variation of the controls M, and Mg and
the rotation time must be chosen in such a way that the system experiences the required
attitude change, The problem is obviously not single-valued. The optimal problem is
formulated with the rotation time as the optimality criterion, There are no restrictions
either on the controlling moments M, and Mg or on the guidance time, which in this
case likewise plays the role of a control and is not independent of the required rotation,

1., The equations of motion, We introduce two coordinate systems (Fig.1).
The right-handed system Qzyz is attached to the body, its origin lies at the center of
mass O; thex-, y-,and z-axes coincide with the principal central axes of inertia of
the body,

The system OEn} is a right-handed coordinate system with its origin at the same point
O; the £ -, m-, and {-axes retain their direction
in inertial space, The position of the attached coor-
dinate system relative to the inertial system is
characterized by the three Euler angles &, @, 1.
The initial position of the body is defined by the
angles ¥, Qg P, and its final position by the
angles 1, ¢, P,. Without limiting generality
we can assume that the axis Q coincides with
the initial position of the spin axis when both gim-
bals and the body are in a stationary position, In
terms of the chosen coordinate systems this means
that the line of nodes On coincides with the axis
of the casing (Fig, 1).

Let L denote the kinetic moment of the system
relative to the point O, let D be the tensor of
inertia of the wheel (for simplicity we shall assume that it is spherical, denoting the
moment of inertia relative to any central axis by ), and let w,be the absolute angular
velocity of the wheel when the body is in a stationary position. These quantities are
related by the expression L = D-e, (1.1)

Fig, 1

Rotation of the gimbals is accompanied by rotation of the body, and the moment of
momentum L remains constant; its absolute value L = Dw,, and L coincides with
£ . Denoting the tensor of inertia of the body in the coordinate system zyz by J ,the
angular velocity of the body by @, and the absolute angular velocity of the wheel for a
moving body by w;(neglecting the gimbal masses), we obtain

D(DO:J(l)—i—Dﬁ)l (1,2)

If A, B, C are the principal central moments of inertia of the system, then after
several operations we can express (1, 2) as

A® cos ¢ + Ay sin © sin ¢ —DP cosa + Dy sin B sina =
= Da,y sin ¥ sin ¢
— B 9-sin ¢ + By sin ¢ cos ¢ +Dpsina + Da, sin f cosa =
= D, sin ¥ cos @ (1.3)

Cy +Cypcos ¥ —Da’ +Daycos p = Dwg cos &
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In order to obtain the closed set of equations of motion we must also write out the
equations for the variations of the angles @ and § under the action of the controlling
moments M o and Mg.The theorem on the variation of the moment of momentum applied

to the gyroscope yields Ty + 0y X Ty =M, -+ Mg (1.4)
where Ty is the absolute moment of momentum of the gyro wheel relative to the point
0, and @, is the angular velocity vector of the coordinate system in which the derivative
Ty is taken. In terms of projections on the buter and inner gimbal axes, Eq, {1.4) yields
the relations
My = — Da” + D" + Dy* — D¥'P°sin & — DB*¥ sin(¢p — a) +
-+ DB*y’'sin @ cos (p — a) + Doy & sinBcos (p — a) -+
+ Dwyp°sin Bsin @ sin (¢ — a) — DB’ sin B

Mg = D" — D9 cos(9 — a) — DY™sin¥sin(p —a) + (1.5)
+ D9 (9" — a")sin (¢ — &) — DY* (9" — ") sin ¥ cos (¢ — &) —
~ D9*Y°cos ¥ sin (p — a) + Dwyd* cos B sin (¢ — &) —
— Dwgy’ cos B sin ¥ cos (@ — a) + Doy’ sin B cos & + Dy (' — a”) sin

Equations (1, 3) and (1. 5) form the closed set of equations of motion of the system
and gyro wheel in the case where the expressions for the controlling moments M, and
Mg are specified, Since we shall be investigating the optimal problem, it is expedient
at this point to make certain simplifications in order to lower the order of this set of
equations, Linearizing Egs, (1, 3) under the assumption that the variations of the angles
@, B and of the Euler angles are small, as is in fact the case over a very small time
interval Af, we obtain the following set of equations:

A® = Do, <—;§~—«—1—§—)sinﬁsinq>coscpz&t+

+ D (_T}COS acosp 4 -%—-sinocsincp) AR —

— Dwysin B(—%— sinocos @ — -]g—cosazsin (p) At

Ag = —’é—mgcosﬁAt—-g—mocos BAt—{«%Aa—A\pcosﬁ (1.6)

-

b i . | S A
Ay == e [DAB (71‘ cos & Sin @ -- =—sina cos cp) e

— Doy sin 3 (—;- sinasing + %——cos acosq;) At -
- Dagysin & (—‘-14---sin2 [V —;— cos? (p)At]

Here A®, Ag, Ay are the increments of the Euler angles and Aa, AP are the con-
trol increments occurring with rapid rotation of the gimbals over a very short time inter-
val At such that wyAf is commensurate with Aa and Af.

We know from the literature that the ratios D /A, D/ B, D/ C are small quan-
tities on the order of 1/100, If the gimbals are rotating slowly, i.e. if & and §’ are small
compared with ®y, the terms containing the expressions Do’ and D’ can be neglected
in the first approximation in comparison with the other terms in (1. 3). Equations (1, 3)



224 V., S, Mileva

can then be solved independently of (1, 5) by considering the kinematic quantities §
and o as the controls instead of the true controls, i, e. of the moments M and M . Essen-
tially, the problem reduces to the determination of the controls @ and ﬁ from the con-
ditions imposed on the required final rotation and on the minimization of the rotation
time, It is then possible to determine the controlling moments from Egs, (1. 5) and to
proceed with more exact solution of the problem,

According to Egs. (1. 6), during rapid rotation of the gimbals large changesinthe angles
aand B (i.e. o’ and B° commensurate with wg) correspond to insignificant changes of
the Euler angles which become smaller as the rate of rotation of the spin axis increases,
An exception to this is the highly specific case where § = (). A more exact quantitative
investigation of this process following solution of the problem under consideration yields
corrections in terms of small angles,

This formulation enables us to neglect the changes in the Euler angles associated with
rapid rotations of the spin axis; in the case of slow rotation of the spin axis the equa-
tions of motion of the supporting body assume the simplified form
1

}—)sinﬁsin(pcoscp—{—DwosinB<———1— sinacos ¢ +

ﬁ.:D“"’(’i‘f" B A

Y

-1 «%—cosasincp)

9" = D, (—é—,——— —‘fl—sinzq) ——;Tcosz q)) cos ¢ — Do)o-é— cos B+

-+ Dwgysin Bctg O (—;7 sinasing -+ %— €0S & CO3 (p)
Y= Dm0<—;— sin?¢ 4 %—cos2 (p) — Dy, %iz—%(%sinasincp———%cos & coS q:) (1.7)
2, Solution of the optimal problem, Equations(l.7) become simpler
if the moments of inertia 4 and B are equal, In this case we have
¢ = sin P sin (¢p — )
¢ = (¢ —1)cos® —ecosP +sinf ctg & cos (¢ —a) (2.1)
P =1 —sin P cos (¢ —a)/sin ¥

The above expressions were obtained by setting T = [.z / 4 ; however, we have left
the symbols for the derivatives unchanged, even though 4, @ and +’ are now deriva-
tives with respect to T. The quantity ¢ = 4 / ( is called the "inertial characteristic”.
We note that this case (i, e. the case where the inertial ellipsoid is an ellipsoid of revo-
lution) obtains in most of the satellite designs described in the literature,

We now pose the optimal problem with the aid of the maximum principle, The Hamil-
tonian of the problem can be written as

H=4%p,+¢'p,+Vp, (py=—0H/3%, p; =—0H|dp, p, = — IH[0})
The optimality conditions are
OH [ oo = 0, OH [ 6B = 0
The cyclical character of the coordinate 9P implies that

p¢- —_ O, p¢ = const = "
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and the fact that the quantities ¢ and o occur together only (i.e. only in the combina-
tion ¢ — a)in (2,1) imply that
P, =— 0H/0p = 0H[da=0 or p‘ =0, p = const=»>»

The optimal problem becomes considerably simpler if we do not impose restrictions
on the finite characteristic rotation angle @ and set A = (. Geomertically this means
ensuring that the required orientation of the principal axis of inertia z of the system
(which is the axis of symmetry of its ellipsoid of inertia and the gyro output axis) is
achieved in the shortest possible time, In other words, we are required to solve the prob-
iem of orienting the plane zy in the minimal time,

The Hamiltonian in this case can be written as

H=%p,+¥'p,

o H = sinBsin (¢ — a) py + [1—sinB£°—§s(i—(:;—,B—_ﬂ]p (2.2)
Optimization with respect to the angle & on the basis of the condition dH / da = 0
yields tg (p —a) = —1/ p pgsin ¢

The condition 6H / 9 = 0 implies that
cos P cos (p — a) [pe’sin®® +pl =0
Hence, cos f = 0. Let us assume that sin f > 0, so that = /,n. To find pg
we can make use of the integral H = 1.

Eliminating the control ¢t form H and setting B = 1/,7, we obtain

Py= si,iﬁ V(1 — p)sin® @ — p? (2.3)

Here it is convenient to set

me=pt/ (1 —p?, n=p/ll—p]

In this notation the angle ¢ — « is defined by the expressions
___n : il Vs e—m (24
cos(p —a) = — =, snn(q)—a)—j:sinﬁ}/smﬁ nt  (2.4)
The signs in front of pgand sin (¢ - &) must be determined from the condition of
maximum H. If 9'is positive, the upper signs in front of ps and sin (¢p — ) apply;
the lower signs apply for a negative ¢,
The differential equations of motion of the system become

ﬁ'=:{:—§£—5]/sin21‘)— n:, ¢ =(¢—1)cost —ElinT ncos ¢

Q) n
V=143 (2.9)
The domain of definition of the problem is specified by the condition sin? ¢ —

~n? > 0, since | sin € | < 1, it follows that the coefficient n can assume the values
—1 < n <1, and the Lagrange multiplier p varies from 4- 0.5 to — o». Each spe-
cific n (| » | << 1) corresponds to a specific motion of the system; variation of the
angle © is restricted by the condition | sin & | <{ n. Since sin @ is a positive quan-
tity, we can assume that the angle § is restricted by the condition

arc sin n < 9 < n —arc sin n (2.6)
Equations (2. 5) are integrable in quadratures, For 1, = 0 we obtain
cos¥® = F Y 1 — n?sin(t -+ 0) sin & — 3 2890 2.7

1—ns
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The upper signs must be taken for a positive ¥". Figure 2 shows {§ as a function of
for © = 1/,n for values of 2 from =1 to +1 in steps of 0.1,
The phase trajectories , ¢ are defined by the differential equation
dp sin & n 2.8
¢ Vsin2ﬁ-—n"i_5in‘0 Vsin* & — nt (=.8)
The integral of Eq, (2. 8) is of the form
netg ® = Tsin(Ay-L 1) V/sin® — n? — cos (A +7)eos¥  (2.9)
(1——n)sin'r:q:ctgﬁo]/sinzﬁy—ﬂ, Ay =1 —
The character of the phase trajectories does not depend on the inertial characteristic
€. Figure 3 shows the phase trajectories on the plane &, | for &, = Yy=n.
The differential equation of the phase trajectory &, @ is

sin 9 cos & ncos &

B e e — 1) S e 2.1
dd tle ) Ve —nt  sin® Vsin?d — nt (2.10)
Its integral is
P— Qo= —1)Ysin?d — n2$arccosﬁr:—%~:}:
— S S Wy n ‘
F (e — 1)} sin® 0, — n? + arc cos o (2.11)

Equations (2, 4),(2.5) and (2.10) enable us to find the control & as a function of &,
a—0g =4} sin® ¥ — n¥(e — 1)+ Vsin? §, —n? (1 —¢) (cosao = — gl—nnm/\
(2.12)
The parameter 2 must be chosen on the basis of Eq. (2. 9). For specified &, ¥, this
equation yields a one~parameter family of curves from which we must select the curve
passing through the required point with the coordinates @, ;. Analytically this con-
dition is expressed by the equation

sin A}/ sin?®; — n? }/sin? &y — n? - cos A cos & )/ sin? 8, — n® F
Fcos A cos B, ¥ sin*@y — n® -+ sin A cos By cos Gy =

AR
’ = F eV S~k
7 s +n z?ggo Vsin?®,— 2 (2.13)
AN n 4
TN ~o¢y fromwhich we can compute n. The upper
"C:t‘\ ot 28 signs in (2. 8)—(2, 13) must be taken for
28 -===~ 203 N\ [——T~0¢ a positive .
I I T It is sometimes more convenient to
0:n T n-70  select the parameter n graphically,
‘:\:\_* The phase trajectories for different per-
| b N . missible values of n (| n| <C sin &)
26— A - TN IT-+-%  and for @ gof differing sign must be con-
- /4 \§::~ [-26 structed on the phase plane @, 4 for
24 \‘E‘;E =04 each initial value §°. The final point
gékv/ | SH2%2 with the coordinates Oy, A = P1— Py
= 7] ~TThy 0 )y %7 *  can be found on the same plane ; the

value of n for the trajectory passing
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through it can be calculated by interpolation,

The problem always has a solution. The only special case is %y = 0 or ¥y = =n. We
note that the domain of possible parameters n contracts as the initial point moves away
from the straight line 9, = /%, The 7 thus chosen must be substituted into Eq. (2.12)
in order to obtain the corresponding mode of variation of the control o. The same n
determines the equations of motion of the system, The rotation time T, can be deter-
mined from (2. 7) by setting ¢ = 0.

n n=10

- 2 e~ | Vel
=E=SNG=SWr—==
———\( =
—— = ———

/|20 =t
M——_—:ff/ i\i z
=——— AN SS==
= (=
e .77 0 73 TR

Fig, 3

3, variation of the control angles, In the initial position (when the sup-
porting body is in a stationary position) the angles o and B can be denoted by &t j* and
Bo*. They must satisfy the static relations (Eqs. (2.1)) under the assumption that
'ﬁ. = Y _ ‘ = 0

? ¥ ’ %* = Qo Po* = B 3.1

In the case of optimal control, the corresponding control functions at the start of motion

of the gimbals, when $=10,, ¢ = @, = 0, are
Bo =Yy =, cos @y = —n/sin &, (3.2)

They clearly differ from f* = ¥yand ay* = @, so that the spin axis must be re-
orientated prior to the start of rotation from the position defined by the angles oty*, fo*
to the position defined by a,, B, at the maximum permissible g4 and Brax « As soon
as the body has attained the required angles ¥y ,P1 the wheel must be returned to its
initial position in inertial space at the maximum permissible ®pax and Pmax. Thus, the
wheel again bears the entire moment of momentum, and the system stops rotating. The
angles u* =g, p*F =0 (3.3)
are then clearly different from y* and B *,

The maximum permissible g, and ﬁ'max must be determined from Egs. (1, 5) on
the basis of the maximum permissible moments Mymax and Mgmax.

Translated by A, Y,



